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European Insurance Market Analysis via a Joint Functional Clustering Method 

Athanasiadis, S. 

 

Abstract: The enlargement of the European Union (EU) to include Central and South-East-

ern European countries in 2004 and 2007 launched an integration process that unifies the econo-

mies and financial markets of member states and enables the convergence of these two areas. This 

study focuses on analyzing the development and similarity of the European insurance sector after 

the EU enlargement. We study 34 European insurance markets from 2004 until 2021 based on a 

certain set of indicators that characterize insurance markets, such as Insurance Density, Insurance 

Penetration and Gross Written Premiums to name a few. With a functional clustering method ap-

plied to such indicators, we try to reveal whether there are similarities between the individual coun-

tries that could explain the European insurance market homogeneity and convergence via the EU 

integration process. The proposed method has also a practical importance since it provides visual-

ization of the clustering results through the construction of global envelopes. This study supports 

the works of EU policy makers that have a major impact on the ability of further integration of the 

European insurance market. 

Keywords: European insurance markets, enlargement EU, convergence, insurance integra-

tion, insurance market indicators, functional clustering, global rank envelope 

JEL Classification: C38, F15, F36, G22 
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1. Introduction 

Insurance companies manage risks that individuals are exposed to in various aspects of life 

- finance, healthcare, transportation, property, professional liability, etc. Insurance companies col-

lect premiums from their customers and aggregate them into "risk pool" funds to manage these 

risks. From these funds, the insurers compensate those customers who sustain losses attributable 

to an insured event. One could also say that insurance is a bet against a risk, where the insurer 

provides financial cover on its occurrence (Franzetti, 2021; Jarrow, 2021). Thus, insurers are vital 

participants in the modern economy, and the very concept of risk mitigation through risk-pooling 

and collective contribution can significantly promote the general welfare of society, especially 

when looking at various forms of social and health insurance (Aussilloux et al., 2017; Busemeyer 

& Iversen, 2020). 

One of the longstanding goals of the European Union (EU) is to create a single European 

market (SEM), as the removal of economic barriers should allow for better trade flow and a larger 

market with more competition. Studies have shown that the absence of barriers can increase the 

average GDP across participating markets by almost 10%. Albeit there is a "strong degree of het-

erogeneity across EU countries", which may make combining their economies less efficient (In 't 

Veld, 2019). Including the insurance sector in the SEM, we get the single European insurance 

market (SEIM). Efforts by European governments and the European Commission are in place to 

integrate insurance providers into the SEIM; however, this is not a straightforward process 

(McGee, 2020). Recent studies show that the EU insurance market remains divergent across mem-

ber and non-member states, and its economics are not set significantly apart from insurance markets 

outside the EU (Jagric, Bojnec, & Jagric, 2018). 

There are multiple potential barriers against the homogenization of the insurance market 

across Europe, and they might be connected to general economic challenges that the insurance 

industry faces and that can be quite specific to the national economies and governmental measures 

that insurers must navigate (Fournier et al., 2015). Moreover, the insurance industry is facing sys-

tematic changes in its operational requirements and approaches to business functionality. For ex-

ample, the allocation of reserve capital — a fundamental feature of every insurance company — is 

changing towards principles-based approaches. This is especially the case after the introduction of 
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the Solvency II (SII) framework that governs the solvency capital requirement (SCR) within the 

European Union (European Commission, 2015). SII is a replacement of Solvency I (SI), integrating 

lessons learnt from the initial framework. Specifically, SI provided too simplistic model to accu-

rately estimate risks, and it did not lead to an efficient allocation of capital. To solve these short-

comings, SII is built on three major pillars, namely, quantitative requirements and protocols to 

accurately assess asset and liability values; specific risk management and governance protocols; 

and transparency and public disclosure to eliminate informational market asymmetries and thus 

better competition. In summary, the protocols and rulesets contained within SII are geared towards 

stochastic algorithms and simulations to better estimate required capital reserves; they are less of 

a 'one-size fits all' model than a nuanced approach that allows the insurers more flexibility in allo-

cating their capital, and avoids having either too many or too few capital reserves, by making more 

accurate predictions about the funds needed (Clark, 2009; American Academy of Actuaries, 2016; 

Singh, 2021). Moreover, the insurance industry faces global challenges — changing economic sys-

tems, a diverging risk landscape, regulatory acts, and other trials. In the context of establishing a 

SEIM, national economies, governmental regulation, and the risk adversity of the national culture 

can pose additional problems (Gaganis et al., 2019). Nevertheless, considering the notion that the 

European insurance market constitutes roughly one-third of the worldwide market share, the EU's 

attempts to move towards an SEIM model are significant in the global context (Jagric, Bojnec, & 

Jagric, 2018). 

In 2004 and beyond, the EU was expanded from 15 countries ("Old Union") to 25 countries 

by including Eastern European nations like Hungary, Poland, and Cyprus ("New EU"; Toshkov, 

2017). As the new member states often have a lower insurance market penetration than older ones, 

there is a rapid growth potential for the insurance market across the EU. At the same time, there 

are calls for the EU to both facilitate and regulate insurance market progression to homogenize 

growth across Europe (Müller-Reichart, 2005). This is not a trivial task. For example, between 

2009 and 2016, insurance penetration, i.e., insurance premiums as % of GDP, fluctuated signifi-

cantly, suggesting an inhomogeneous insurance market across the EU (Jagric, Bojnec, & Jagric, 

2018). Other parameters that can be used to determine how homogenous the insurance market is 

across several nations, i.e., the EU, are the "number of insurance companies, the market concen-

tration indicator, gross premiums written, total assets, insurance density ratio, life- and no in-life 
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insurance share of the total insurance market" (Denkowska & Wanat, 2020, p. 1). The analysis of 

these parameters will likely reflect that macroeconomic developments also play a role in insurance 

market effectiveness: economic downturns are associated with a decline in insurance demand, 

while interest rates and other financial factors can also add stress to the insurance industry and 

capital allocation (European Commission, 2014). 

There is a growing use of artificial intelligence algorithms and applications in financial 

services (Hilpisch, 2020). Several methods can be used to analyze the degree of homogeneity 

among the European insurance industry. Jagric, Bojnec, & Jagric (2018) utilize optimized spiral 

spherical self-organizing maps to analyze parameters like average insurance premiums, total pre-

miums to GDP ratio, and the number of insurance companies per capita (Jagric & Zunko, 2013). 

Utilizing an artificial intelligence/machine learning (AI/ML) method to analyze the data has the 

advantage that it can deal with highly multidimensional data spaces and variables that exhibit com-

plex multicollinearities. Others, such as Denkowska & Wanat (2020), utilize Hellwig's develop-

ment index, together with several unsupervised classification methods, such as k-means clustering, 

partitioning among medoids (PAM), and Ward's method, to analyze the similarity of the insurance 

markets across European countries. In both studies, the authors find that the European insurance 

market is rather heterogeneous and divergent, contrary to the goals of a unified SEIM.  

Dai, Athanasiadis, & Mrkvička, (2021) have developed a functional clustering (FC) method 

that utilizes combined dissimilarity sources and allows for graphical interpretation of large volumes 

of multidimensional input data. It can be used for several purposes, for example, population growth 

or, pertaining to the context of this study, insurance penetration of markets. The advantage of this 

FC method is that it is not bound to any model and that it is nonparametric; this means that it is 

robust and not vulnerable towards skewed distributions or outliers in the data (Dai, Athanasiadis, 

& Mrkvička, 2021). This is an important feature, as economic data — especially when averaged 

on the national level — is complex and does not necessarily follow a specific pattern or distribution 

(Kirman, 2006).  

In this context, the main goal of this study is to contribute to the existing literature regarding 

the challenge of the SEIM, by proposing a methodological procedure that will enable a more de-
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tailed description and understanding of the mechanisms towards the European insurance develop-

ment unification. To this end, we introduce a novel FC method that is able to provide evidence for 

accepting or rejecting the hypothesis on the homogeneity and convergence of the European insur-

ance market. This FC method captures the similarities and differences between national insurance 

development levels and paths, as it divides 34 European countries into clusters with shared char-

acteristics in terms of several insurance indicators that describe insurance market in these countries. 

The clustering solution may reveal the impact of the EU enlargement with countries of different 

economic level on the current EU insurance market status. It is likely also to reveal the changes in 

insurance development in the post-pandemic period compared to the time before the pandemic 

outbreak that may attributed to the Covid-19 pandemic. If there is enough evidence to reject that 

homogeneity and convergence hypothesis, we suggest analyzing the significance of this and the 

underlying reasons, and propose economic, regulatory, and policy measures that may help make 

the European insurance market more homogenous. In an effort to explain the case of an inhomo-

geneous European insurance dynamics, we also suggest exploring the significance of some eco-

nomic, financial, sociodemographic factors affecting insurance market development and demand 

within each cluster produced. 

Following this introduction, the rest of this study is organized on the basis that it serves as 

a guide on how to approach our main goal and on the methodology employed without presenting 

research results. These results along with their interpretation will be found in future work projects. 

This limitation is not intended to restrict the goals of this study but rather helps to make them more 

concise. First, in Section 2 we give an overview of the European Union enlargement, the EU fi-

nancial integration and convergence to SEIM, the solvency II framework and the functional clus-

tering methods as reported in existing literature. In Section 3, we present the objectives and hy-

potheses setting, while in Section 4, we reveal the data basis used and the rationale for the chosen 

methodology of the research. In the end, Section 5 concludes this study by summarizing our goals, 

contributions, and methodology framework, while discussing future research directions. 
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2. Literature Review 

2.1 Enlargement of the European Union to new countries in 2004 and 2007 

The European Union went through one of its largest extensions between 2004 and 2007. It 

admitted ten new countries, namely the Czech Republic, Cyprus, Estonia, Latvia, Lithuania, Hun-

gary, Malta, Poland, Slovenia, and Slovakia, and recognized Bulgaria, Romania, and Turkey as 

candidates or potential candidates for a further expansion of the EU; Bulgaria and Romania were 

indeed added in 2007 (Heidbreder, 2011). These expansions added a dozen new nations with vastly 

different economic environments to an alliance of fifteen nations that had already established a 

common market for decades. Naturally, one would expect the new, expanded EU to be economi-

cally quite heterogenous, at least in the immediate years after the expansion. In addition, this new 

expanded economy added ca. 73 million people to a total of 454 million citizens, an increase of 

16% (Wilson Center, 2004). Naturally, one of the most important goals for the EU government 

was to implement rules and regulations so that there could be homogeneity and balance across the 

European markets. Importantly, a recent study found that the EU expansion from 2004 to 2007 

resulted in aggregate gains for welfare, albeit these gains were not always realized for all skill 

groups (Caliendo et al., 2021). 

Overall, the main impacts of Eastward enlargement on the EU – in terms of the decision-

making process functionality and compliance with EU law – have not been negative, although 

concerns about corruption issues among new members have certainly become much more visible 

since the 2004 enlargement, especially in countries like Bulgaria or Romania (Sedelmeier, 2014). 

Despite previous concerns, the increase in the number of workers from Central and Eastern Europe 

was not reflected in a significant westward movement, and there was no displacement of local 

workers or a reduction of their wages (Drew & Sriskandarajah, 2007). However, such concerns 

may remain when looking at a potential further expansion of the EU to include Turkey or even 

such countries as Ukraine (Tsependa & Hurak, 2021). These factors are important to consider, as 

a country's population, and to a certain extent, its labor force can impact a countries insurance 

market as well. 

Originally, the legal framework of the SEIM was enacted in June of 1994 (Ennsfellner & 

Dorfman, 1998). It included provisions for a single insurance license across EU member states, an 
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overarching regulatory system, and home state control. The latter is an important principle of Eu-

ropean single market regulation, whereby cross-country services and products — generated in one 

country and applied in another one — are legally treated under the law of the originating country 

(Polański, 2018). This would mean that a German insurance company could sell its products to 

France without the need to adhere to French regulations. Of course, such a distribution of insurance 

products is predicated either on the freedom of services or freedom of establishment (Köhne & 

Brömmelmeyer, 2018). Specifically, this is reflected in the insurance distribution directive (IDD). 

Importantly, it should be noted that despite the welcome regulatory clarity of the IDD, questions 

remain as to the potential overregulation of the market (Köhne & Brömmelmeyer, 2018). 

In this context, it is also prudent to mention the newly created pan-European Personal Pen-

sion Product (PEPP), a pension platform that is thought to complement national pension products 

for individuals. As pensions can be seen as a subcategory of life insurances, the PEPP is another 

sign of steps towards SEIM. The PEPP can be offered by insurance providers, credit institutions, 

and other financial organizations. Interestingly, the PEPP is a testament to how the European Union 

not only aims at regulating the market by providing a legal framework that enables a SEIM; it also 

actively provides resources that promote and facilitate the establishment of such a unified market. 

The legal provisions of the PEPP have only recently gone into effect, more specifically, on the 22nd 

of March 2022, so this is a very recent development, and it shows that the European Union is indeed 

actively involved in the unification of the European insurance market (EIOPA, 2022). 

2.2 Solvency frameworks 

To implement a common regulatory framework for a single European insurance market, the 

European Union has generated several guidelines as part of the solvency I and II frameworks. 

Solvency I (SI) was the first attempt by the European Union (EU) at implementing specific 

solvency requirements for insurers and came into force at the beginning of 2002. This framework 

has been developing since the 1970s and was the first major regulatory attempt at creating a SIEM; 

it was aimed at clarifying solvency rules for insurance and reinsurance providers across Europe. 

One of the major requirements of insurance providers is their ability to pay out larger sums of 

money to satisfy and honor contractual claims, and therefore, insurance companies must be able to 

provide enough liquid funds (Atlas Magazine, 2021). According to SI, with about 65% of assets 
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needing to conform to certain technical provisions, 25% of assets must be held in a liquid form, 

with 10% as a free surplus that can exist in any type of asset. However, different insurance types 

require different amounts of liquidity, which is solved by the solvency II framework explained 

below. 

Like its predecessor, the solvency II framework primarily focuses on minimum capital re-

quirements that insurance companies must hold going forward, so that they cannot become over-

whelmed by a sudden increase in claims and stay solvent. Solvency II was implemented in the 

beginning of 2016 (Doff, 2016). In addition to default risk, defining a certain threshold above which 

capital must be held also provides an early warning mechanism for regulators and auditors that an 

insurance company may become unable to cover their clients' claims in the future, and thus also 

engenders confidence towards the ability of insurers to stay solvent. Thus, a large part of SEIM is 

a common reserve capital requirement. One major difference to solvency I is the adoption of a 

prudence margin on top of liquid holding, depending on how much liquidity is needed for a partic-

ular sector of the insurance economy (Zlateva, 2022). 

In terms of policy updates, instead of replacing the Solvency II framework with Solvency 

III, the European Insurance and Occupational Pensions Authority (EIOPA) has undertaken a re-

view of the Solvency II framework and provided the results in the form of a proposal to amend 

Solvency II, a “communication on the review of the Solvency II directive”, and a proposal for a 

new directive concerning insurance recovery and resolution (European Commission, 2021). By 

and large, the review aims to be in line with EU priorities, such as enabling funds to finance the 

recovery after the 2020 SARS-CoV-2 pandemic, completing the union of capital markets, and mo-

bilizing assets for the European Green Deal. In addition, the review provides tools to help the 

European insurance sector become more resilient towards crises in the future. The fact that the 

European Commission decided to recommend modifications and updates of Solvency II rather than 

producing a Solvency III framework suggests that the core of Solvency II is already sufficient to 

promote the implementation of an SIEM. 
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2.3 Financial integration and convergence towards a single European market for insurance 

There are several indicators for describing the status of the insurance industry, which can 

then be utilized to address whether the European insurance market is homogeneous and correlate 

it with measures of economic development across the EU.   

However, while insurance market concentration may not correlate with overall economic 

homogeneity, one would assume that general economic factors do align with economic changes in 

the development of the insurance sector over time. For example, the part of the GDP that is due to 

the insurance market contribution is consistently growing and correlated with the overall economic 

development level in any given country (Ostrowska-Dankiewicz & Simionescu, 2020). However, 

economic growth and insurance market development are two processes the relationship of which 

can be ambiguous. For example, in alignment with the supply-leading hypothesis (SLH), the insur-

ance market can impact economic growth, while other studies find that in alignment with the de-

mand-following hypothesis (DFH), economic growth can positively influence insurance market 

development. Other hypotheses posit that there is no causal relationship between economic growth 

and the insurance market, or that there is feedback between both (Peleckienė et al., 2019). Carefully 

controlled case studies will likely be needed to analyze the relationship between the insurance sec-

tor and the overall economy; it may as well be that the relationship is time- and context-dependent, 

given that markets often behave in complex and not entirely predictable manners. 

The insurance penetration (IP) index is another parameter that can be used to describe the 

development of the insurance market. This index is simply the percentage of gross written premi-

ums as compared to the total GDP of a given country (Kwon & Wolfrom, 2016). Becmer (2015) 

found that the index has developed similarly between the original 15 European countries and the 

countries of Central and Eastern Europe during and after the EU expansion. Thus, any differences 

between old and new EU countries in the IP index are insignificant, suggesting that there is some 

homogeneity across Europe indeed. Importantly, the analysis by Becmer (2015) also suggests that 

one should look at the dynamics or trends of the insurance sector over time rather than deriving an 

aggregate score, as individual differences over time do exist. Moreover, it may also be instructive 

to look at the life- and non-life insurance sector separately, as the latter shows more differences 
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between the old and new EU countries than the life insurance industry (Becmer, 2015). Interest-

ingly, when applying clustering analysis to IP across European countries over time, strong eco-

nomic development of insurances is correlated with preceding unstable market behavior, suggest-

ing that the economic status of the insurance industry could be an indicator of market health (Ath-

anasiadis & Mrkvička, 2018). 

The insurance density (ID) index is the ratio of total insurance premiums to the overall 

population; one could also describe it as premiums per capita (Kwon & Wolfrom, 2016). Unlike 

the IP index, the ID ratio does not depend on a nation's economic productivity and could therefore 

be used as more of an independent factor when correlating insurance market development to overall 

economic factors. When comparing old vs. new EU states, the ID index shows similar behavior to 

the IP ratio - it is overall similar, with some local differences based on the analyzed year (Becmer, 

2015). Han et al. (2010) found that an increase in the ID ratio was causally connected to economic 

growth, supporting the supply-leading hypothesis mentioned above. Given the complex nature of 

market behavior, it is likely that further studies might be required to confirm this causal connection. 

However, it shows that the density ratio can be used as an economic indicator to describe the in-

surance industry and its market. 

2.4 Functional clustering methods in big data analysis 

One of the central problems with large data volumes is that they are often multidimensional 

and cannot be easily described with static stochastic methods, such as linear or logistic regression. 

Beyond a certain number of parameters and data points, traditional mathematical analysis tech-

niques will fail to adequately find trends and characteristic behaviors out of a subset of data, which 

is also often noisy; the signal-to-noise ratio is too low to extract any significant information, even 

if it is present. Thus, AI/ML techniques can be used to dynamically analyze the data and to have 

the computer recognize certain patterns without applying a set of relationships and laws a priori 

(Grout, 2021). 

Clustering is a useful data analysis technique when classifying and organizing data and falls 

under the category of unsupervised learning (Léger & Mazzuco, 2021). There are many variations 

of this technique, and at their core, data is classified and grouped based on some similar property 
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or correlation between the data; the greater the similarity between the data, the better the corre-

sponding effect of the cluster analysis. Unlike many other statistical methods, yet in line with the 

premise on unsupervised learning, cluster analysis is often used when no a priori assumptions can 

be made about possible relationships between data (Ma, 2021). It is generally not known how many 

clusters exist in the data until the model is run. The clustering or grouping can be based on the size 

and shape of the data points, or any other parameter, and the resulting clusters can often provide a 

reasonable graphical interpretation of the data at large.  

Clustering, usually applied following a PCA analysis, is often used in unsupervised learn-

ing. The reason for this association is that the observed data are organized in uniform groups, and 

in clusters, without knowing the labels for them beforehand. As typical exploratory analyses, clus-

ter analyses have been involved in large numbers of studies ranging from biology, meteorology, 

and climate science. In addition, in both meteorology and climate science, clustering algorithms 

may be performed over data of daily weather forecasts or historic measured climate records, to 

identify likely regions of similar weather patterns, or track changes of the climate over a wide 

region divided into smaller sub regions. There are two types of clustering algorithms, hierarchical 

and non-hierarchical clustering. The major difference between the two is that, in hierarchical clus-

tering, after the observations are assigned to one cluster, they cannot be moved to any other clusters 

as the assigned groups are combined over iterations; in non-hierarchical clustering, on the other 

hand, an observation may be assigned to several clusters prior to a final decision on the clustering. 

Hierarchical clustering is a kind of classic clustering technique which defines cluster members by 

comparing differences or distances among observations. In many setups, N observations are used, 

and a distance matrix N x N is formed, which has the distance measurements for all pairs of obser-

vations. Then, the clustering algorithm is applied on the distance matrix, such that observations are 

clustered together in sequence according to their order of their distance measurements.  

On the other hand, the non-hierarchical clustering algorithms consist of two subtypes of 

clustering algorithms, namely, partitioned clustering and model-based clustering. The best-known 

partitioning clustering algorithm is K-means. With a fixed number of clusters, K, the K-means 

algorithm seeks to find K clusters in which variance within each cluster is minimized, and variance 

across clusters is maximized. In each iteration of the algorithm, the results for the clusters are re-



ECONOMICS WORKING PAPERS (2023)                                                                                    Athanasiadis, S.  
Vol. 7, No. 6, ISSN 1804-9516 (Online)    

16 

 

estimated on every observation until all observations are within a cluster of whose mean they are 

closest. For model-based clustering, mixture distributions are fitted to observations, and the param-

eters estimation on probability density functions (PDFs) and clustering procedures is obtained by 

maximizing a likelihood function. 

Time-series data is a kind of multidimensional, high-dimensional data, as its size can be 

considered as either the duration of observed time, or the number of time points observed. The 

number of time points may be exceptionally large for longer-term observations or for higher-fre-

quency records, such as inventory data, daily temperature records for years, and machine-based 

long-term tracking. In the cluster analyses for non-supervisory studies, the two procedures are typ-

ically used on the time-series data. One is to perform clustering method on raw (or smoothed) 

discrete time series data directly, while the other is to perform the clustering method after the trans-

formation of the time series data to function data. Clustering methods for discrete time series data 

are classified as raw data methods and distance-based methods.  

The classic idea is to treat every observation as a multivariate case, so each time point is a 

variable, and to apply a multivariate clustering technique. Clustering on time series data is more 

complex and challenging because of high dimensionality of the input space. Two major difficulties 

are the accuracy and the speed of the clustering. For clustering accuracy, since data noise has sen-

sitive effects on time-series data clustering, some statisticians recommend that data should first be 

smoothed prior to clustering, so that the noise is reduced and that underlying patterns are captured 

over time. 

The second clustering procedure treats the time series data as functional data. In functional 

data, every observation 𝑥𝑥 is defined as a function of time 𝑡𝑡, that is, 𝑥𝑥(𝑡𝑡); in other words, functional 

data is considered a collection of curves of infinite dimensions. Data smoothing is the first step in 

all functional data fusion methods, performed by fitting each time-series data set to linear combi-

nations of certain basis functions, for example, spline functions or polynomials.  

Clustering procedures can then be performed on these smoothed data using functional data 

clustering methods, which can be broadly classified in two subgroups: distance-based methods and 

filter-based methods. Like the multivariate situation, distance-based methods in the functional case 
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perform clustering according to distances between functional objects. Distance-based methods en-

tail constructing a distance matrix with a particular measure; the results of the clustering may be 

obtained using a hierarchical clustering or centroids-based tool. Filtering methods are methods 

which use the post-dimensionality information from functional data to cluster observed objects. In 

filtering methods, rather than directly clustering by fit functions after the time-series data are 

smoothed, certain information about features at lower dimensions of the data is extracted to depict 

the initial data and to decrease dimensions for further clustering.  

In other words, the filtering-based methods involve approximating a curve by linear com-

binations of finite-basis functions, such as spline functions and functional principal components, 

while clustering analyses are performed on coefficients or scores with finite dimensions. Filtering 

methods exploit the functional principal component scores (FPC scores). This method is completed 

by using the other well-known dimension reduction method, Functional Principal Component 

Analysis (FPCA). FPCA is the extension of principal components analysis (PCA) for functional 

data. Like PCA, FPCA identifies the directions which account for most variation in data. These 

directions are equivalent to the eigenfunctions. Then, FPC estimates for each observation can be 

obtained from the eigenfunctions. Besides representing data via the coefficients of B-spline, the 

FPC scores are also recommended to reduce dimensions (Lin, 2019). 

The focus of recent studies is on distance-based methods, and chosen functional orders 

(Dai, Athanasiadis, & Mrkvička, 2021). This involves constructing a similarity matrix by a chosen 

functional ordering applied to a set of differences between all pairs of the functional data being 

studied. Various functional orderings may be chosen, but the focus is often on those that have an 

internal graph interpretation. This allows the resultant clusters, as well as a center region achieving 

the natural interpretation, to be shown. This means that all functions contained within a central 

region do not exit the plot of a central region, and all functions that are not contained within a 

central region exit the plot of a central region in at least one spot. To get a certain balancing among 

different sources, one can standardize the curves prior to applying existing methods, such as the k-

means or model-based methods. The term "standardizing" refers to the empirical marginal distri-

butions to have a zero mean and a unity of variance. If function sorting is applied, each function 

portion is treated uniformly, while different sources of variance are combined uniformly.  
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For univariate cases, where only univariate functions are explored, original curves and the 

derivatives can be combined in the same way to measure both magnitude and form variations at 

once. For multivariate cases, it may be better to combine the marginal curves and covariance func-

tions equally to capture both marginal and joint variations between the curves. Furthermore, this 

approach provides reasonable visual explanations for clustering results and inherits the robustness 

of the functional sorting, and it is capable of recovering clusters in case that anomalous observa-

tions corrupt data. 

2.5 Literature on Cluster analysis implementation 

In an illustrative case study, functional cluster analysis of administrative regions within 

communities is used to determine whether boundaries between neighborhoods are established in 

an optimal way (Martí et al., 2021). The analysis of functional characteristics showed that the spa-

tial distribution of activities of several dozen functional groups was more uniform than that of the 

administrative regions. Thus, cluster analysis can be used to manage a city more efficiently by 

dividing the municipality into significant functional units, rather than arbitrarily selecting borders 

based on administrative responsibilities. Such an analysis may even be useful to counteract the 

partisan method of gerrymandering and replace it with a subdivision of counties that work more 

efficiently, resulting in bigger contentment of citizens with their Government (Vagnozzi, 2020). 

Moreover, a functional division of city governments that better reflects the spatial distribution of 

economic activities, services, and structures of important micro-regional units can increase the 

overall efficiency of the administration in charge (On the one hand, the functional diversity and the 

number of economic activities, services, and structures of each cluster compared to other clusters 

were analyzed using the refined dataset; on the other hand, the functional specialization of each 

cluster was performed using the Google Places API The secondary category is determined (Martí 

et al., 2021).  

To solve challenges for economic policymaking, Warsame (2021) reported on a hierar-

chical cluster analysis based on a distance-based approach with a semi-metric measure using prin-

cipal functional components. In this case, a Bayesian Information Criterion (BIC) with positive log 

probability was defined to model complexity as the number of parameters (Warsame, 2021). The 

algorithm was able to reveal socioeconomic structures within the analyzed clusters that would not 
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have been able to determine using marginal distributions and dependency structure of the data 

alone. In this analysis, the trend of BIC values and the stability of cluster sizes were tested by 

initializing the algorithm classes with the k-means function and different initial values (Warsame, 

2021).  

Similar approaches can be applied to variables of mixed types that are often found in clus-

tering analysis applications in economic analyses (Hennig & Liao, 2013). Often, common elements 

can be found in the algorithm's input or clustering variables. Using a k-means clustering algorithm 

is an optimization process, as the objective function exceeds the global minimum in some local 

range. It should therefore be noted that k-means clustering can only provide local optimization to 

process continuous variable data. The k-means clustering algorithm must specify the number of 

clusters before clustering, and the clustering results are easily dependent on the initial clustering. 

On the other hand, the k-means cluster analysis method can effectively avoid the subjective nega-

tive impact of artificial thresholds, to more accurately and objectively distinguish the state range 

of various financial risks. Clustering of k-means is often used in functional and structural analysis, 

but the limitation of the k-means algorithm is that it is mainly used for scalar and not vectorial data 

(Zhu & Liu, 2021). 

The goal of cluster analysis is to find groups of similar subjects, where "similarity" between 

each pair of subjects means a global measure over the complete set of characteristics. Therefore, a 

suitable application for cluster analysis is data segmentation strategies. The most important task of 

choosing an adequate clustering methodology by the underlying philosophy of the dataset and con-

text is the translation of the desired interpretation value of clustering into analytical characteristics 

of the clustering method data (Martí et al., 2021). 

Often, data volume can be reduced before applying cluster analysis through means of factor 

analysis, which reduces the overall variables towards significantly correlated groups (Cheung, 

2020). After standardizing the data, clustering can be performed using various libraries that are 

widely available in most computing languages, such as R package or Python. For high-density 

genetic data, a two-way clustering algorithm can better extract local information. Using functional 

data methods there is a greater variety of clustered arrays to choose from (Liu, Zhang, & Feng, 

2021).  
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2.6 Cluster analysis features 

When it comes to real-time data, due to the high speed and continuous characteristics of the 

underlying data streams, the use of traditional cluster analysis algorithms can be difficult.  

Instead, bidirectional analysis methods can be used (Liu, Zhang, & Feng, 2021). In this 

context, it is important to mention that cluster analysis methods are considered static procedures 

because the inclusion of new observations or variables can change clusters, making it mandatory 

to develop a new analysis. Cluster analysis is a set of extremely useful research methods that can 

be applied whenever it is necessary to test for similar behavior between observations (individuals, 

companies, municipalities, countries, etc.) concerning certain variables. It is therefore also well 

suited to test for homogeneity of data, a parameter that is difficult to establish using traditional 

stochastic means. Moreover, the development of cluster analysis does not require extensive 

knowledge of matrix algebra or statistics, unlike methods such as factor analysis and correspond-

ence analysis (Fávero & Belfiore, 2019). 

When researchers' primary goal is to classify and group observations, they may decide to 

develop a cluster analysis and then analyze the ideal number of clusters to form. If the groups of 

some data are known in advance, it is best to use discriminant function analysis to find the variables 

and matrices that best rank the remaining observations. Researchers often use the wrong random 

weighting procedure and qualitative variables (such as Likert scale variables) and then apply cluster 

analysis. Regardless of the purpose, clustering will always be an exploratory technique (Fávero & 

Belfiore, 2019).  

Grouping changes detected in dynamic data flow analysis play a significant role in the anal-

ysis of the confluence of medical and healthcare economic data. Because of the enormous potential 

of gene expression analysis useful for disease diagnosis, drug development, and life science re-

search, a two-way clustering algorithm is often widely used in gene expression data studies 

(Mardaneh, 2015). 

2.7 Effects of Covid-19 on the European insurance industry 

One of the most prevalent events of the years 2020 and 2021 was the worldwide SARS-

CoV-2 or Covid-19 pandemic. As the virus caused significant disruptions to the economy and 
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global supply chains, affecting the entire range from small businesses to large corporations, the 

insurance industry was also impacted (Puławska, 2021); however, for insurance undertakings, one 

may assume that these disruptions were not only felt on the level of normal business operations, 

but also in the form of an increased volume of claims (Babuna et al., 2020). Herein lies a specific 

challenge for the insurance sector, as this volume increase was brought about in a much more rapid 

and abrupt way than usual. This could be seen by a significant decrease in the return on assets 

among German and Italian insurers, and a similar decrease in solvency ratios among Belgian, Ger-

man, and French insurance companies (Puławska, 2021). Of course, as such changes are not seen 

in insurance companies throughout all European nations — for example, Poland's insurers were 

not significantly affected by such variations —, they could pose an additional challenge to a unifi-

cation of the European insurance market. On the other hand, these challenges may provide addi-

tional evidence to justify further managerial involvement of the European Union to regulate and 

eventually synchronize the European insurance market on the way to a unified SEIM (Puławska, 

2021). 

In general, the European Commission – and EIOPA in particular – have recognized that the 

pandemic crisis has led to serious adverse developments that threaten the orderly functioning and 

integrity of financial markets, and the stability of the EU financial system. In accordance with its 

responsibilities for monitoring and assessment of market developments, EIOPA conducted several 

targeted assessments in support of its understanding and decisions taken, considering the substan-

tial impact that the crisis will have on financial markets and on the real economy. In addition, 

EIOPA assessed the situation and the consequences in a thorough manner, within the framework 

of its Crisis Prevention and Management Framework, as well as under article 18 of its founding 

resolution. In that context, it took a few facilitation and coordination actions within the NCAs to 

respond to adverse developments. This work also fed into regular public-available risk analysis 

products, which provided a detailed assessment of the situation and its impacts.  

EIOPA publishes the Risk Dashboard quarterly, as well as the Financial Stability Report 

on two occasions per year. The December 2020 Financial Stability Report provides more detailed 

information about key risks facing the European insurance industry (EIOPA, 2020). Furthermore, 

the report provides an integrated framework which combines key market risk drivers - interest 
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rates, credit spreads, equity, and real assets - into one. The identified major risks shape a discussion 

for the continued surveillance and the sustainability assessment of insurance sectors affected by 

the Covid-19 crisis.  

Adverse decompositions from the Covid-19 crisis, such as slower-than-expected economic 

recovery or the evolution of a double-dip recession, are reflected in adverse market scenarios de-

veloped with ESRB, which are tested as part of the 2021 Insurance Stress Test, launched in May 

of that year. The final narratives about the crisis and shocks will be developed in collaboration with 

the European Systemic Board (ESRB) considering recent macroeconomic and market develop-

ments. The ESRB-wide discussion of scenarios suggests that both EIOPA and the EBA stress tests 

will maintain the same narrative for 2021. This will enable the assessment of both sectors together 

and shed light on possible wider implications for Europe’s financial sectors. Furthermore, consid-

ering recent experiences of Covid-19 outbreak, the EIOPA has initiated an exercise in liquidity 

surveillance, building on new data filings recommended by ESRB as well. In this vein, liquidity 

risks were considered for inclusion in the Insurance Stress Test 2021 (EIOPA, 2020). 

Shevchuk, Kondrat, & Stanienda (2020) have interestingly argued that a large-scale disrup-

tive event like a global pandemic may not only provide challenges and hardship, but also an op-

portunity to innovate. Specifically, companies need to transform themselves digitally and provide 

their services online, as Covid-19 has caused a general shift towards work-from-home (WFH) and 

communication via the internet. Digitalization will also allow insurance companies to automate a 

significant part of their operations, from streamlining management, customer relationship manage-

ment (CRM), to sales funnels, products, policies, and claims (Weingarth et al., 2019). Importantly, 

artificial intelligence and machine learning can be used as well, especially when it comes to esti-

mating the best pricing and premium values depending on economic conditions, risk assessment, 

and the structure of the risk pool (Asimit, Kyriakou, & Nielsen, 2020). Another important change 

is that more, intermediaries are cut out of existing business structures, resulting in informed cus-

tomers that directly interact with companies. If that is the case for the insurance industry as well, it 

would remove some of the cost exposure related to acquisition that these companies have had in 

the past. Given the growing influence of machine learning within the insurance industries, compa-

nies may increase the number of services that offer risk management to their customers, rather than 



ECONOMICS WORKING PAPERS (2023)                                                                                    Athanasiadis, S.  
Vol. 7, No. 6, ISSN 1804-9516 (Online)    

23 

 

the simple fulfilment of claims. Of course, due to the impact of the pandemic, companies will likely 

be more eager in the future to demand additional insurance products, for example, business conti-

nuity insurance and related risk management, cover for the cancellation of events, protection for 

the temporary loss of workforce, and so on (Shevchuk, Kondrat, & Stanienda, 2020). 

Sugimoto & Windsor (2020) point out that based on the experience from previous pandem-

ics, health insurers are the companies that deal most with the increased volume of claims, whereas 

other insurers are less likely to be significantly affected. However, event insurance, travel insur-

ance, and business interruption insurance will also incur an increase in claims, whereas motor in-

surance may see less claims, as people drive less with their cars during a pandemic (Sugimoto & 

Windsor, 2020). Importantly, many insurers have taken care that they stay within the confines of 

insurance regulation during the pandemic. For example, insurance capital must be kept above cer-

tain thresholds; to fulfill that requirement, policies must incorporate a certain level of flexibility 

regarding both the payment of premiums and claims. Importantly, as the EIOPA advocates for a 

more flexible approach to the Solvency II framework considering the Covid-19 pandemic, an op-

portunity could open regarding the integration of a pandemic or other events with negative eco-

nomic outlook into the framework of a unified SEIM (Sugimoto & Windsor, 2020). 

The above-mentioned decreases in solvency ratios and returns on assets are likely due to 

devaluations in the capital markets, specifically pertaining to bonds. In the European Union, around 

40% of long-term bond investments come from insurance companies. Unfortunately, stock prices 

of such companies have declined more strongly than the overall value of the equity market, sug-

gesting dampened expectations by investors (Sugimoto & Windsor, 2020). 

3. Objectives and hypotheses 

The central objective of the present study is to propose a new methodology for exploring 

whether insurance industry in Europe is becoming more homogeneous or more heterogeneous 

while, in parallel, for questioning its convergence process. The main rationale behind pursuing this 

objective is to show the current level of realization of SEIM and how far European integration has 

brought national insurance markets, when analyzing insurance data with a method from the func-

tional clustering theory. If indeed, the SEIM is not yet realized, then insurance industry should 

focus on identifying the major challenges and obstacles remaining before SEIM can function as 
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planned. Therefore, this study needs to continue with an analysis of the development and similarity 

of the European insurance markets. On this account, future research work will incorporate the re-

sults of the proposed methodology into this study with the aim to provide the required analysis. 

Further working steps are needed to embed and integrate this study that would lead to future 

work making a contribution to the literature: (1) we should conduct the development-similarity 

analysis on a country-wide level between current EU and non-EU member states as well as between 

old and new EU member states over a long span of time; (2) we should combine the different 

strands of the literature on insurance economics, insurance policy making and functional clustering 

theory; (3) we should provide the recent and most updated evidence on the comparison of the in-

surance markets in Europe and their dynamics in-depth; (4) we should employ a new methodology 

utilizing a functional clustering (FC) method, which contrary to the standard clustering methods, it 

offers the advantage of capturing the variability mechanisms of data by taking into account the 

whole curve values from the past.  

Based on the objective, the available literature and the methodology, this study intends to 

form the basis to test the following hypotheses:  

• Hypothesis I: European insurance industry is homogenous within EU. 

• Hypothesis II: European insurance industry is inhomogeneous outside EU. 

• Hypothesis III: European insurance industry is converging within EU. 

• Hypothesis IV: European insurance industry is diverging outside EU. 

• Hypothesis V: European insurance industry is diverging from non-EU markets. 

• Hypothesis VI: The new EU insurance markets are homogeneous and converging to-

wards old EU insurance markets. 

• Hypothesis VII: Structural reforms associated with the EU integration and enlargement 

process are the only determinants of national insurance development position within the 

European insurance market.  

• Hypothesis VIII: The Covid-19 pandemic has influenced the change in insurance de-

velopment across European countries. 
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The results from these tests will provide us important insight into the economic integration 

process towards SEIM in the EU, and they will also inform us to which degree close economies 

are already converging by default, and how much central control over the process needs to be 

exerted. Thus, this study will serve as a tool to better allocate resources and make the insurance 

integration process within the EU more efficient. 

4. Methodology 

4.1 Data 

We will use non-missing time series data at country level taken at fixed year-end points 

from Swiss Re Sigma database (2021). This cluster analysis concentrates on combining several 

insurance market indicators (IMI) of European countries during the period between 2004 and 2021, 

such as insurance penetration, insurance density, Gross Written premiums, to name few. The data 

available consisted of 18 time series percentage-valued samples of 34 European countries. We will 

follow clustering procedure for European insurance market segmentation. after converting the time 

series data on combined IMI into functional data.  

The proposed FC method will be based on both the magnitude and shape of the IMI curves. 

Particularly, the shape information within data will be uncovered by initial data transformation. In 

line with Dai, Mrkvicka, Sun and Genton (2020), we will rescale each raw IMI curve to have a 

zero mean by subtracting its mean value from the curve itself, resulting in the centered IMI curves. 

This operation is going to mitigate the widely different magnitudes of the IMI curves. By shifting 

each curve towards its center and normalizing the centered curves by their 𝐿𝐿2 norms, the overall 

shape of each IMI curve will be better identified without the complication of comparing IMI curves 

with different magnitudes. After this, the clustering will be performed in terms of both the magni-

tude - raw IMI curves, and shape – normalized centered IMI curves. Then the results will be open 

for their graphical presentation and analytical interpretation. 

4.2 Evaluation of other methodologies  

As demonstrated in Athanasiadis and Mrkvička (2019) the clustering methods based on 

specific functional data techniques were unable to produce meaningful clusters of countries that 

could reveal, at the same time, both the magnitude and the shape of specific curves, such as IP 
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curves. They also found that the proposed clustering methods suffer from certain difficulties. For 

distance-based time series clustering, the difficulty is caused by the uncertainty of feature-based 

representations of original data (time series) such as autocorrelations. For distance-based functional 

clustering, the complex shape mechanisms underlying the data may not be well understood by the 

developed distance measure. For filtering methods, the FPCA approach may form clusters that do 

not share the same number of common PCs. For adaptive methods, the lack of a definition for the 

distribution of a curve may also arise some difficulties. 

4.3 Methodological framework 

The methodology of this study is chosen based on the objectives and hypotheses of the 

undertaken research, which is to analyze a wide sample of national insurance markets. When in-

cluding on top the development of IMI over time, this leads to an infinite-dimensional input space. 

In this study the input space consists of functions or curves, so that each curve represents data for 

a selected country during the whole selected period. The chosen method needs to be capable of 

dealing with infinite-dimensional data, which in our case is also a balanced panel. Functional data 

analysis satisfies this set conditions. 

Functional data differ in several ways, making them difficult to analyze when clusters exist 

from multiple perspectives. The existing methods either focus on a single type of variation or pool 

the various sources of variation with weightings that rely on a delicate selection procedure. The 

proposed method combines the different sources of variation in an equal manner and can be used 

for both univariate and multivariate cases. The study defines the proposed procedure with an arbi-

trary functional ordering, reviews several functional orderings already defined in the literature (Dai, 

Athanasiadis, & Mrkvička, 2021). 

This study analyzes the integration of Europe's insurance markets between 2004 and 2021 

by studying the time-dependent development of IMI. We distinguish between the level of market 

integration – the degree to which the single European market is attained, or the developments of 

IMI across selected countries present a homogeneous pattern over time — and market convergence 

— the degree to which the development of IMI converges to a unique path. To capture both market 

integration and convergence, our line of argument consists of two steps. First, we demonstrate by 
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means of a joined functional cluster analysis that utilizes an ordering (combined functional order-

ing) of the IMI curves, whether curves are further apart or closer together forming a single cluster 

of curves. Second, using the computed central region of the cluster solution along with its graphical 

representation, we will be able to show if curves have moved towards a common steady state over 

the years. 

In this study, cluster analysis involves developing a clustering method, which is sensitive, 

at the same time, to both magnitude and shape heterogeneities of functional data. To begin with, 

cluster analysis is an essential part of exploratory data analysis that aims to identify homogeneous 

subgroups in data. It is widely used in functional data analysis for tasks such as classifying elec-

trocardiogram curves for diagnosing cardiovascular ischemic diseases and extracting representa-

tive wind behavior. This study focuses on distance-based methods and proposes a new family of 

clustering algorithms based on the chosen functional ordering. The dissimilarity matrix is con-

structed via the chosen functional ordering, which is applied to the set of differences of all pairs of 

functional data under investigation. This study concentrates on orderings with intrinsic graphical 

interpretation but any ordering that treats the sources equally can be used. The proposed method 

provides a reasonable global envelope that has an intrinsic graphical interpretation of the clustering 

results and inherits the robustness of functional orderings (Dai, Athanasiadis, & Mrkvička, 2021). 

4.3.1 Dissimilarity Matrix 

A dissimilarity matrix is a square matrix that quantifies the dissimilarity or distance be-

tween pairs of objects in a dataset. Each element in the matrix represents the dissimilarity between 

two objects. In the context of functional data analysis, the dissimilarity matrix captures the dissim-

ilarity between pairs of functions or curves based on some distance measure, such as the Euclidean 

distance or a specific functional distance metric (Kumar and Bezdek, 2020). 

4.3.2 Combined Functional Ordering 

Combined functional ordering is a method that allows combining several different views of 

a function so that these views are equally represented in the distance construction. Instead of using 

a single distance, this specific method combines several different distances (e.g., volatility, trend, 

etc.) into one composite distance in which all components are represented equally (Hlásková & 
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Mrkvička, 2022). In our case, this approach aims to capture and address various aspects of the IMI 

curves simultaneously, such as their magnitude and shape, and combine them in equal manner to 

provide a more complete and comprehensive ordering scheme of the data.  

Thus, assume we observe functions 𝐓𝐓𝑖𝑖(𝑟𝑟), 𝑖𝑖 = 1,2, … , 𝑠𝑠 in fixed set of points 𝑟𝑟1,𝑟𝑟2, … , 𝑟𝑟𝑑𝑑. 

Hence, various transformations could be applied to the raw functions to obtain the transformed data 

sets of interest, such as 𝑉𝑉1,𝑉𝑉2, … ,𝑉𝑉𝑞𝑞. We denote with 𝑉𝑉𝑞𝑞�𝑇𝑇𝑖𝑖𝑖𝑖� the resultant curves of 𝑇𝑇𝑖𝑖𝑖𝑖 , 𝑖𝑖 =

1,2, … , 𝑠𝑠; 𝑗𝑗 = 1,2, … ,𝑑𝑑 via the transformation 𝑉𝑉𝑞𝑞, the dissimilarity matrix is then constructed by 

applying to the long vectors  

𝐓𝐓𝑖𝑖 = �𝑉𝑉1(𝑇𝑇𝑖𝑖1), … ,𝑉𝑉1(𝑇𝑇𝑖𝑖𝑑𝑑), … ,𝑉𝑉𝑞𝑞(𝑇𝑇𝑖𝑖1), … ,𝑉𝑉𝑞𝑞(𝑇𝑇𝑖𝑖𝑑𝑑)� , 𝑖𝑖 = 1,2, … , 𝑠𝑠 

the corresponding orderings. The desired perspectives of the ordering are considered and treated 

equally in such a combined ordering due to the ranking nature of proposed ordering.  

4.3.3 Global envelopes and Functional Ordering with Intrinsic Graphical Interpretation 

The global envelope is constructed for a set of functions or d-dimensional vectors, 𝐓𝐓𝑖𝑖 , 𝑖𝑖 =

1,2, … , 𝑠𝑠. During past years, different global envelopes have been proposed (see Table 1 for refer-

ences), which are based on a measure 𝑀𝑀 that orders the functions from the most extreme to the 

least extreme one. Let 𝑀𝑀1,𝑀𝑀2, … ,𝑀𝑀𝑠𝑠 be the values of the measures for 𝐓𝐓1,𝐓𝐓2, … ,𝐓𝐓𝑠𝑠. For the measure 

𝑀𝑀, a critical value 𝑚𝑚𝑎𝑎 can be determined as the largest of 𝑀𝑀𝑖𝑖 such that the number of those 𝑖𝑖 for 

which 𝑀𝑀𝑖𝑖 < 𝑚𝑚𝑎𝑎 is less or equal to 𝑎𝑎𝑠𝑠, where the level 𝑎𝑎 ∈ (0,1) is user-defined. If the vector 𝐓𝐓𝑖𝑖 is 

among the 𝑎𝑎𝑠𝑠 most extreme vectors, i.e., 𝑀𝑀𝑖𝑖 < 𝑚𝑚𝑎𝑎, then it is regarded as extreme by the given 

measure 𝑀𝑀𝑖𝑖 at level 𝑎𝑎 (Myllymäki & Mrkvicka, 2020). 

Table 1 lists five different measures along with their detailed references that are imple-

mented in the R library GET. The extreme rank length (erl), continuous rank (cont) and area rank 

(area) measures are all refinements of the extreme rank measure (rank), which is simply defined as 

the minimum of pointwise ranks of 𝐓𝐓𝑖𝑖 among each other. Since many 𝐓𝐓𝑖𝑖 can reach the same mini-

mal rank, the given ordering of 𝐓𝐓𝑖𝑖 is only weak. The erl, cont, and area break the ties in the extreme 
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ranks and practically lead to more strict ordering (Myllymäki & Mrkvicka, 2020). For complete-

ness, we included into this study the Studentized measure (student), which is based on the approx-

imation of the distributions of 𝐓𝐓𝑖𝑖 from a few characteristics. 

For all the measures of Table 1, a global envelope can be constructed such that it has the 

intrinsic graphical interpretation (IGI) (Myllymäki & Mrkvicka 2023): the vector 𝐓𝐓𝑖𝑖 is outside the 

global envelope if and only if 𝑀𝑀𝑖𝑖 < 𝑚𝑚𝑎𝑎, and 𝐓𝐓𝑖𝑖 is within the global envelope if and only if 𝑀𝑀𝑖𝑖 ≥

𝑚𝑚𝑎𝑎. This holds for all 𝑖𝑖 = 1,2, … , 𝑠𝑠. The choice of the measure with IGI (see Table 1) depends on 

several aspects: 1) the number of vectors which are available, 2) the dimensionality of the vectors, 

3) the amount of the dependence between the vector elements, and 4) the type of extremeness 

which is expected (Myllymäki & Mrkvicka, 2020). 

Table 1 Different measures with global envelopes, their abbreviations and references 

Measure Abbreviation  Referenced in 

Extreme rank rank Myllymäki et al. (2017) 

Extreme rank length erl Myllymäki et al. (2017); Narisetty and Nair (2016); 

Mrkvicka et al. (2020) 

Continuous rank cont Hahn (2015); Mrkvicka et al. (2019) 

Area rank area Mrkvicka et al. (2019) 

Studentized rank student Myllymäki & Mrkvicka (2023) 

Source: Own creation based on Myllymäki and Mrkvicka (2020) 

To sum up, a functional ordering with IGI is the ordering for which exists a global envelope 

with IGI with respect to this ordering. In other words, the functional ordering with IGI is a tech-

nique that combines functional ordering with visualization methods to interpret the ordering results. 

It provides graphical representations that enables us to understand the ordering structure of the 

functions. Several ordering measures fall under this category of orderings with IGI as shown in 

Table 1. For further information on the definitions of these orderings can be found in Dai, Athana-

siadis, & Mrkvička (2021). For the sake of completeness, we provide here a brief list of these 

definitions. 
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Extreme rank length  

Let 𝑟𝑟1𝑖𝑖,𝑟𝑟2𝑖𝑖, … , 𝑟𝑟𝑠𝑠𝑖𝑖 , 𝑗𝑗 = 1, 2, … ,𝑑𝑑 be the raw ranks of 𝑇𝑇1𝑖𝑖,𝑇𝑇2𝑖𝑖, … ,𝑇𝑇𝑠𝑠𝑖𝑖  such that the smallest 

𝑇𝑇𝑖𝑖𝑖𝑖 has rank 1. In the case of ties, the raw ranks are averaged. The two-sided pointwise ranks are 

then calculated as 𝑅𝑅𝑖𝑖𝑖𝑖 = min �𝑟𝑟𝑖𝑖𝑖𝑖, 𝑠𝑠 + 1 − 𝑟𝑟𝑖𝑖𝑖𝑖�. Consider now the vectors of pointwise ordered 

ranks, where 𝐑𝐑𝑖𝑖 = �𝑅𝑅𝑖𝑖[1],𝑅𝑅𝑖𝑖[2], … ,𝑅𝑅𝑖𝑖[𝑑𝑑]� where �𝑅𝑅𝑖𝑖[1],𝑅𝑅𝑖𝑖[2], … ,𝑅𝑅𝑖𝑖[𝑑𝑑]� = {𝑅𝑅𝑖𝑖1,𝑅𝑅𝑖𝑖2, … ,𝑅𝑅𝑖𝑖𝑑𝑑} and 

𝑅𝑅𝑖𝑖[𝑘𝑘] ≤ 𝑅𝑅𝑖𝑖�𝑘𝑘′� whenever 𝑘𝑘 ≤ 𝑘𝑘′. The extreme rank length measure of the vectors 𝐑𝐑𝑖𝑖 is equal to: 

𝐸𝐸𝑖𝑖 = 1
𝑠𝑠
∑ (𝐑𝐑𝑖𝑖′ ≺ 𝐑𝐑𝑖𝑖)𝑠𝑠
𝑖𝑖′       (1) 

where 

𝐑𝐑𝑖𝑖′ ≺ 𝐑𝐑𝑖𝑖 ⇔ ∃𝑛𝑛 ≤ 𝑑𝑑 ∶  𝑅𝑅𝑖𝑖′[𝑘𝑘] = 𝑅𝑅𝑖𝑖[𝑘𝑘]∀𝑘𝑘 < 𝑛𝑛,𝑅𝑅𝑖𝑖′[𝑛𝑛] < 𝑅𝑅𝑖𝑖[𝑛𝑛]  

The division by 𝑠𝑠 leads to normalized ranks that obtain values between 0 and 1. Consequently, the 

erl measure corresponds to the extremal depth as defined in Narisetty and Nair (2016). 

Let 𝑒𝑒𝑎𝑎be a critical value and let 𝐼𝐼𝑎𝑎 = �𝑖𝑖 ∈ 1,2, … , 𝑠𝑠 ∶  𝐸𝐸𝑖𝑖 ≥ 𝑒𝑒(𝑎𝑎)� be the index set of vectors 

less extreme than or as extreme as 𝑒𝑒𝑎𝑎. Then, the 100 (1 − 𝑎𝑎)% global extreme rank length enve-

lope (or global extreme rank length central region) induced by 𝐸𝐸𝑖𝑖 is: 

𝐓𝐓𝑙𝑙𝑙𝑙𝑙𝑙 𝑘𝑘
(𝑎𝑎) = min

𝑖𝑖𝑖𝑖𝐼𝐼𝑎𝑎
𝑇𝑇𝑖𝑖𝑘𝑘 and 𝐓𝐓𝑢𝑢𝑢𝑢𝑢𝑢 𝑘𝑘

(𝑎𝑎) = 𝑚𝑚𝑎𝑎𝑥𝑥
𝑖𝑖𝑖𝑖𝐼𝐼𝑎𝑎

𝑇𝑇𝑖𝑖𝑘𝑘 for 𝑘𝑘 = 1, 2, … , 𝑑𝑑   (2) 

Global continuous rank ordering 

The continuous rank measure is: 

𝐶𝐶𝑖𝑖 = min
𝑖𝑖=1,2,…,𝑑𝑑

𝑐𝑐𝑖𝑖𝑖𝑖 ⌈𝑠𝑠 2⁄ ⌉⁄ , 

where 𝑐𝑐𝑖𝑖𝑖𝑖 are the pointwise continuous ranks defined as: 
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𝑐𝑐𝑖𝑖𝑖𝑖 = ∑ 𝟏𝟏�𝑇𝑇𝑖𝑖′𝑖𝑖 > 𝑇𝑇𝑖𝑖𝑖𝑖� +
𝑇𝑇[𝑖𝑖+1]𝑗𝑗−𝑇𝑇𝑖𝑖𝑗𝑗

𝑇𝑇[𝑖𝑖+1]𝑗𝑗−𝑇𝑇[𝑖𝑖−1]𝑗𝑗
𝑖𝑖′   for 𝑖𝑖 ∶  𝑇𝑇𝑖𝑖𝑖𝑖 ≠ max

𝑖𝑖′
𝑇𝑇𝑖𝑖′𝑖𝑖  

and 𝑇𝑇𝑖𝑖𝑖𝑖 > median�𝑇𝑇𝑖𝑖𝑖𝑖� 

  𝑐𝑐𝑖𝑖𝑖𝑖 = 𝑒𝑒𝑥𝑥𝑒𝑒 �−
𝑇𝑇𝑖𝑖𝑗𝑗−𝑇𝑇[𝑖𝑖−1]𝑗𝑗

𝑇𝑇[𝑖𝑖−1]𝑗𝑗−min𝑖𝑖 𝑇𝑇𝑖𝑖𝑗𝑗
�   for 𝑖𝑖 ∶  𝑇𝑇𝑖𝑖𝑖𝑖 = max

𝑖𝑖′
𝑇𝑇𝑖𝑖′𝑖𝑖  

𝑐𝑐𝑖𝑖𝑖𝑖 = ∑ 𝟏𝟏�𝑇𝑇𝑖𝑖′𝑖𝑖 < 𝑇𝑇𝑖𝑖𝑖𝑖� +
𝑇𝑇𝑖𝑖𝑗𝑗−𝑇𝑇[𝑖𝑖−1]𝑗𝑗

𝑇𝑇[𝑖𝑖+1]𝑗𝑗−𝑇𝑇[𝑖𝑖−1]𝑗𝑗
𝑖𝑖′   for 𝑖𝑖 ∶  𝑇𝑇𝑖𝑖𝑖𝑖 ≠ 𝑚𝑚𝑖𝑖𝑛𝑛

𝑖𝑖′
𝑇𝑇𝑖𝑖′𝑖𝑖   

and 𝑇𝑇𝑖𝑖𝑖𝑖 < median�𝑇𝑇𝑖𝑖𝑖𝑖� 

𝑐𝑐𝑖𝑖𝑖𝑖 = 𝑒𝑒𝑥𝑥𝑒𝑒 �−
𝑇𝑇[𝑖𝑖+1]𝑗𝑗 − 𝑇𝑇𝑖𝑖𝑗𝑗

max
𝑖𝑖

𝑇𝑇𝑖𝑖𝑗𝑗 − 𝑇𝑇[𝑖𝑖+1]𝑗𝑗
�  for 𝑖𝑖 ∶  𝑇𝑇𝑖𝑖𝑖𝑖 = min

𝑖𝑖′
𝑇𝑇𝑖𝑖′𝑖𝑖 

𝑐𝑐𝑖𝑖𝑖𝑖 =  𝑅𝑅𝑖𝑖𝑖𝑖   for 𝑇𝑇𝑖𝑖𝑖𝑖 = median�𝑇𝑇𝑖𝑖𝑖𝑖� 

Here, 𝑇𝑇[𝑖𝑖−1]𝑖𝑖 and 𝑇𝑇[𝑖𝑖+1]𝑖𝑖 denote the values of the functions, which are in a 𝑗𝑗-th element below and 

above 𝑇𝑇𝑖𝑖𝑖𝑖, respectively (i.e., 𝑇𝑇[𝑖𝑖−1]𝑖𝑖 = max
𝑖𝑖′: 𝑇𝑇𝑖𝑖′𝑗𝑗<𝑇𝑇𝑖𝑖𝑗𝑗

𝑇𝑇𝑖𝑖′𝑖𝑖 and 𝑇𝑇[𝑖𝑖+1]𝑖𝑖 = min
𝑖𝑖′: 𝑇𝑇𝑖𝑖′𝑗𝑗>𝑇𝑇𝑖𝑖𝑗𝑗

𝑇𝑇𝑖𝑖′𝑖𝑖). 

The 100 (1 − 𝑎𝑎)% global continuous rank envelope induced by 𝐶𝐶𝑖𝑖 is constructed in the 

same manner as the global extreme rank length envelope. 

Global area rank ordering 

The area rank measure: 

𝐴𝐴𝑖𝑖 =
1

⌈𝑠𝑠 2⁄ ⌉𝑑𝑑
�𝑚𝑚𝑖𝑖𝑛𝑛�𝑅𝑅𝑖𝑖, 𝑐𝑐𝑖𝑖𝑖𝑖�
𝑖𝑖

 

where 𝑅𝑅𝑖𝑖 = 𝑚𝑚𝑖𝑖𝑛𝑛
𝑖𝑖
�𝑅𝑅𝑖𝑖𝑖𝑖� and 𝑅𝑅𝑖𝑖𝑖𝑖 are two-sided pointwise ranks defined above. The 100 (1 − 𝑎𝑎)% 

global area rank envelope induced by 𝐴𝐴𝑖𝑖 is constructed in a manner similar to that of the global 

extreme rank length envelope. 
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Studentized maximum ordering 

Because we construct a symmetric set of functions to compute the dissimilarity matrix, here 

we use only the symmetric studentized ordering. The above orderings are based on the whole dis-

tributions of 𝑇𝑇.𝑖𝑖, 𝑗𝑗 = 1, 2, … ,𝑑𝑑. It is also possible to approximate the distribution from a few sample 

characteristics. The studentized maximum ordering approximates the distribution of 𝑇𝑇.𝑖𝑖, 𝑗𝑗 =

1, 2, … ,𝑑𝑑 by the sample mean 𝑇𝑇0𝑖𝑖 and sample standard deviation sd�𝑇𝑇.𝑖𝑖�. The studentized measure 

is: 

𝑆𝑆𝑖𝑖 = max
𝑖𝑖

�𝑇𝑇𝑖𝑖𝑗𝑗−𝑇𝑇0𝑗𝑗
sd�𝑇𝑇.𝑗𝑗�

�      (3) 

The 100 (1 − 𝑎𝑎)% global studentized envelope induced by 𝑆𝑆𝑖𝑖 is defined by: 

𝐓𝐓𝑙𝑙𝑙𝑙𝑙𝑙 𝑖𝑖
(𝑙𝑙) = 𝑇𝑇0𝑖𝑖 − 𝑠𝑠𝑎𝑎sd�𝑇𝑇.𝑖𝑖� and 𝐓𝐓𝑢𝑢𝑢𝑢𝑢𝑢 𝑖𝑖

(𝑙𝑙) = 𝑇𝑇0𝑖𝑖 + 𝑠𝑠𝑎𝑎sd�𝑇𝑇.𝑖𝑖� for 𝑗𝑗 = 1, 2, … ,𝑑𝑑 (4) 

where 𝑠𝑠𝑎𝑎 is a critical value. 

4.3.4 Dissimilarity Matrix Based on the Combined Ordering 

A dissimilarity matrix based on the combined ordering incorporates the combined func-

tional ordering method to compute the dissimilarity between functions. The dissimilarity matrix 

designed through this functional ordering method is then used as input in clustering algorithms or 

other analysis techniques to group similar functions together based on their combined ordering 

characteristics. These concepts are often employed in functional data analysis to order and compare 

functions, facilitating the understanding and interpretation of complex datasets represented as 

curves or time series (Dai, Athanasiadis, & Mrkvička, 2021). 

Assume that we observe functions assume 𝐓𝐓𝑖𝑖(𝑟𝑟), 𝑖𝑖 = 1,2, … , 𝑠𝑠 in fixed set of points 

𝑟𝑟1,𝑟𝑟2, … , 𝑟𝑟𝑑𝑑. We construct the new set of functional differences 

𝐷𝐷𝑓𝑓 = {𝐓𝐓𝑖𝑖(𝑟𝑟) − 𝐓𝐓𝑖𝑖′(𝑟𝑟)}, 𝑖𝑖, 𝑖𝑖′ = 1,2, … , 𝑠𝑠 

Apply a chosen IGI ordering to 𝐷𝐷𝑓𝑓. Finally, the elements of the dissimilarity matrix 𝑑𝑑𝑖𝑖𝑖𝑖′ = 1 −𝑀𝑀𝑖𝑖𝑖𝑖′, 

where 𝑀𝑀𝑖𝑖𝑖𝑖′ is measure, which induce the chosen ordering, of 𝐓𝐓𝑖𝑖(𝑟𝑟) − 𝐓𝐓𝑖𝑖′(𝑟𝑟). 
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4.3.5 Joint functional clustering for national insurance markets of Europe 

Our proposed functional clustering method then consists of the following steps: 

• Choose the appropriate data sources (e.g., raw data, sequentially transformed data i.e., 

normalized centered IMI curves) 

• Choose the functional ordering which allows for IGI and which gives the same weight 

to every chosen source (e.g., the Studentized maximum ordering, the area rank order-

ing). 

• Compute the dissimilarity matrix from the set of differences. 

• Apply partitioning around medoids (PAM) found in Kaufman and Rousseeuw (1990) 

using the dissimilarity matrix of the previous step. 

• Plot the resulted clusters together with their central region with IGI. 

5. Conclusions 

This study aims to provide a methodology to explore the homogeneity and convergence of 

the European insurance market within SEIM. We start by exploring the establishment of the SEIM 

in 1994 and initiatives like the pan-European Personal Pension Product (PEPP) as steps toward 

unifying the European insurance market. Next, the regulatory frameworks of Solvency I and Sol-

vency II are introduced that ensure solvency and liquidity requirements are met by insurance com-

panies. The ongoing review of Solvency II by EIOPA suggests that the existing framework is suf-

ficient for implementing the SEIM. However, before the SEIM implementation, the homogeneity 

and convergence towards a single European market for insurance via financial integration should 

be examined and proved through an empirical application. To this end, a comprehensive functional 

clustering method is introduced to analyze complex and time-dependent insurance data created by 

a composite IMI that aggregates insurance activity indicators such as penetration and density, while 

it becomes our proxy for insurance industry development. At this stage, the focus should be on 

analyzing economic, regulatory, and policy interventions to achieve homogenization or proposing 

measures to address possible observed heterogeneity in the market. In that case, further quantitative 

research will be needed to investigate whether there are other circumstances or factors affecting 
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the development of the insurance industry in each homogeneous group of European countries, 

where the GDP per capita ratio will be approached as an economic growth measure.  

Starting with the enlargement of the EU in 2004 and 2007, the impact of adding new coun-

tries with different economic development levels on EU insurance industry should be examined. 

Emphasis will be placed on the need for rules and regulations to achieve balance and homogeneity 

across new and old EU countries’ insurance markets. The effects on welfare and concerns about 

corruption in new EU member states will also be discussed. 

The impact of the Covid-19 pandemic on the European insurance industry should be ad-

dressed, considering disruptions to the economy and increased claims volume. The role of the Eu-

ropean Commission and EIOPA in assessing crisis events such as the pandemic and conducting 

stress tests will be examined. Then, their potential for regulatory involvement and the call for fur-

ther unification of the European insurance market will also be discussed. 
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